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Synchronization of Chemical Systems Using External Forcing
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We report the synchronization of dynamics in a numerical model simulating electrochemical corrosion using
external chaotic forcing, periodic forcing, and finally forcing including a random component (random forcing).
For all three external forcings synchronization is achieved when the two response systems are at identical
parameter conditions exhibiting similar behavior. However when the two response systems are at unequal
parameter values exhibiting different dynamical behavior, synchronization is achieved only for forcing including
a random variable (random forcing). This ability of random perturbations to achieve generalized synchroni-
zation makes it a candidate worthy of consideration in problems involving synchronization of nonidentical
systems.

. Introduction kinetics leads to the dimensionless equatléns

Interest in synchronization of dynamics has increased because Y=p(l—6-0y—qY (1)
of its possible relevance to secure communications. It started
out with efforts to synchronize identical systefn8,but lately 0=Y(1— 60— 0y — [exp(—po) + r]6 +
much emphasis has been placed on synchronization of non- 2501 — 6 — 6) (2)
identical systenfs’ (generalized synchronization). O o

Recently it was realized that chaotic dynamics could be tamed
using external perturbatiofs.In this article we extend this
already existing idéaand propose using external (identical)
signals superimposed onto the dynamical equations of the two
response systems to achieve synchronizatiofhe problem
considered here is different from the usual scenario where the
goal is to synchronize the dynamics of the drive and the response
system. In the case discussed here the drive system is merel
a generator of the chaotic, periodic, or random signals which
are superimposed on the dynamics of the two response systemsValues p,5q, rsp) = (.2'0 x .104’ 1.0 x 1072, .2'0 x 107%, .
Since there is an absence of a target (synchronized) state forg'7 x 1072, 5'0).' The d'S.CUSS'On below dgals W'th .the behavior
the two response systems, the final synchronized dynamics tenoOf the system in the_nelghborhood of this point in parameter
to be different from both the initial unsynchronized dynamics SPace. In our numerical experiments two copies of this system

(of response systems) and the superimposed external dynamic@re creatgd, and.the appropriate driving.(periodic., chaotic, or
of the drive system. The article is organized as follows: In random) is superimposed onto the evolution equation of one of

the following section a brief introduction to the model system the thre_e mdepen_dent variablesd,go). All the numen_cal
chosen for superposition of external signals is provided. In calculations for this model system were performgd using the
section 11l results from application of the periodic forcing are fourth-order RungeKutta algorithm, with a step size ¢f =
discussed. Numerical results from the application of external 0.1

chaotic signals are presented in section IV. Finally, in section

V results from the application of random driving are presented Ill. Numerical Results for External Periodic Forcing

along with a brief comparison.

0o =10 —SHo(1— 0 — 6,) A3)

whereY is the concentration of metal ions in the electrolyie,
and6o are the respective fraction of the metal surface covered
by each film,p, g, r, ands are parameters related to chemical
rate constants, and represents the non-Langmuir nature of
OH film formation in the Talbot-Oriani model. The system
as been studied in some detadnd is chaotic for parameter

The external periodic signal is superimposed onto the
dynamics of the two identical chemical systems exhibiting
II. Model for Electrochemical Corrosion chaotic dynamics (eqs-13) at the parameter values, @, r, S,
B) (2.0x 1074 1.0x 1073 2.0x 1075 9.7 x 1075, 5.0). The
The chemical system under consideration involves passiva-superimposed external periodic signal is chosen to be the
tion of the reactive surface of a metal electrode in an elec- periodic time series of a third chemical system but operating at
trochemical cell. The chemical kinetics of the passivation model a different region in parameter space,(@, r, s, ) = (2.0 x
includes the formation of two surface films, MOH)(and 104, 1.0 x 1078, 0.0, 0.0, 5.0)). At this point in parameter
MO (0o), where M represents the metal atom. It combines space the system is two-dimensional and the dynamical response
elements from surface reaction models by Talbot and Gfiani is a limit cyclel® Under the influence of the external periodic
for MOH and by Sat®& for MO formation. The chemical  signal (superimposed on the evolution equation) the altered
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Figure 1. Synchronization of dynamics for the two response systems Figure 2. Two-dimensional projection of the final periodic attractor
operating at identical parameter conditions using an external periodic for the two response systems after the initiation of the synchronizing
forcing (time series o¥(3) from the 2-D model). The value ofused periodic forcing ¢ = 0.004).
to achieve synchronization js = 0.004.

equations of motions for the two response systems are
Y(1) = p(1 — 6(1) — 6(1)) — a¥(1) + »(Y(1) — Y(3)) (4)

0(1) = Y(1)(1 - 6(1) — 66(1)) — [exp(—p6(1)) + r16(1) +
2s95(1)(1 — 6(1) — 65(1)) (5)

(6(1)-6(2))

Oo(1) =r6(1) — (1)1~ 6(1) — 65(1))  (6)

and

Y(2) = p(1 - 6(2) — 05(2) — aY(2) + ¥(Y(2) = Y(3)) (7)
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0(2) = Y(2)(1 = 0(2) — 60(2)) — [exp(=46(2)) + r10(2) + Figure 3. Synchronization of dynamics for the two response systems
23095(2)(1— 6(2) — 65(2)) (8) operating at identical parameter conditions using an external chaotic
forcing (time series ofY(3)). The value ofy used to achieve

90(2) —10(2) - 590(2)(1 —02) - 90(2)) ) synchronization iy = 0.003.

behavior (generalized synchronization) were unsuccessful using

Th t | drivi 3 i d onto th luti
e external drivingY(3)) superimposed onto the evolution the external periodic driving.

equations (eqs 4 and 7) of the two response systerv{d) —
Y(3)) (eq 4) andy(Y(2) — Y(3)) (eq 7), respectively. Figure 1

shows the difference of thé@ variable of the two response IV. Numerical Results for External Chaotic Forcing

systems @(1) — 6(2)) converging to zero upon initiation of The two response systems (eGgs% are at parameter values
the forcing at the 20 000th step of integration. The minimum (similar to previous section) such that they exhibit chaotic
value ofy able to achieve synchronization was= 0.004. dynamics. The superimposed external forcing is chosen to be

As the superimposed periodic driving to the two systems is the chaotic time series from a third copy of the same chemical
nonvanishing, the synchronized final dynamics are different system but operating at a different region in parameter space
from the initially unsynchronized chaotic dynamics of the two ((p, q,r,s,8) = (2.0x 1074, 1.0x 1073, 2.0x 1075, 9.685x
response systems. In fact the final synchronized state of the1075, 5.0)) (differents). The external drivingX(3)) superim-
two response systems is periodic because of the entrainment oposed onto the evolution equations (eq 4 and eq 7) of the two
the dynamics under the influence of the periodic signal (via response system igY(1) — Y(3)) (eq 4) andy(Y(2) — Y(3))
superposition). Hence the two response (initially unsynchro- (eq 7), respectively. Figure 3 shows the difference of éhe
nized) systems attain synchronization subsequent to the initiationvariable for the two response systeriél() — 6(2)) converging
of the external periodic driving, and the final synchronized state to zero upon initiation of the driving (at the 20 000th step of
is periodic. Figure 2 shows the final periodic attractor (identical integration). The minimum value of enable to attain syn-
for the two response systems) corresponding to synchronizedchronization wagy = 0.003.
dynamics. As the superimposed chaotic driving((8)) to the two

Synchronization is also achieved if the periodic time series response systems is nonvanishing, the synchronized final
of the Y variable are replaced with the periodic time series of dynamics (complex nonchaotic) are different from the initially
the other independent variabl@)( unsynchronized chaotic dynamics (for the response systems)

Efforts to synchronize the two response systems operatingand from the chaotic dynamics of the drive system. The
at different parameter conditions exhibiting different dynamical nonchaotic nature of the final attractor (chaos suppression) is
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Figure 5. Synchronization of dynamics for the two response systems
b operating at identical parameter conditions using an external chaotic
' ’ ' ) forcing (time series oflo). The value ofy used to achieve synchroniza-
tion is y = 0.003.
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Figure 4. Two-dimensional projection of the attractor for the two
response systems before and after the initiation of the synchronizing
chaotic forcing ¢ = 0.003). (a) The two-dimensional projection of 040 - 20000 70000 0000
the chaotic attractor corresponding to unsynchronized dynamics. (b) ITERATION NUMBER
The two-dimensional projection of the final nonchaotic attractor rigyre 6. Synchronization of dynamics for the two response systems
corresponding to synchronized dynamics. operating at identical parameter conditions using an external random
forcing (Y — R). The value ofy used to achieve synchronizationyis
verified by calculating the Lyapunov exponents. However, for = 0.0001.

small values ofy, the final synchronized attractor (identical for
both the response systems) retains some features of the initia
chaotic attractor corresponding to unsynchronized dynamics
(similar for both the response systems). Figure 4a shows the The two response systems (eqs9 again are exhibiting
two-dimensional projection of the chaotic attractor correspond- chaotic dynamics (parameter similar to section Ill). The random
ing to unsynchronized dynamics. Figure 4b displays the two- componentR) of the superimposed external forcing comes from
dimensional nonchaotic attractor for the two response systemsthe random number generator of the machind (< R < 1).
(synchronized state) for = 0.003. It preserves some initial The external driving (superimposed every time step) onto the
features of the unsynchronized chaotic attractor of Figure 4a. evolution equations (eq 4 and eq 7) of the two response systems
However, as the value of is increased, the final synchronized is y(Y(1) — R) (eq 4) andy(Y(2) — R) (eq 7). Figure 6 shows
dynamics depart from the initial unsynchronized state manifestedthe difference of the variable for the two response systems
by the destruction of any correlation between the two (before (6(1) — 6(2)) converging to zero upon initiation of the driving
and after) attractors. at the 20 000th step of integration. The minimum valuey of
Similar to periodic forcing, synchronization was also achieved required to attain synchronization was= 0.0001, an order of
when instead of using a chaotic time seriesyofariable one magnitude lower than that required for external periodic and
uses the chaotic time series of the other two independentchaotic drivings. Similar to the previous two cases the final
variables @, 6o). Figure 5 shows the attainment of synchro- attractor departs (in appearance) from the initial chaotic dynam-

k/. Numerical Results for External Random Forcing

nization using driving of the forny(Y(1) — 60(3)) (added to ics proportional to the values gfused to achieve synchroniza-
eq 4) andy(Y(2) — 60(3)) (added to eq 7) superimposed to the tion. It was also verified that the final dynamics were different
dynamics of the two response systems. from the superimposed random forcing so as to ensure that the

Finally similar to results for periodic forcing, efforts to  synchronized state was not completely dominated by the random
synchronize the two response systems operating at differentsignal.
parameter conditions exhibiting different dynamical behavior = The added advantage of using the random driving was that
(generalized synchronization) were unsuccessful using theit is possible to achieve synchronization of the two response
external chaotic driving. systems even though they operate at different parameter
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Figure 7. Synchronization of dynamics for the two response systems 0.40 . "
operating at different parameter conditions (systemplg(r, s, f) o 20000 40000 60000
(2.0x 104 1.0 x 1073, 2.0 x 1075, 9.7 x 1075, 5.0)); system 2, (1, (TERATION NUMBER
g, 1.5 6)=(20x 104 1.0x 1078, 0.0, 0.0, 5.0)) exhibiting different Figure 9. Synchronization of dynamics for the two response systems
qualitative behavior using an external random forciNg— R). The operating at different parameter conditions (systemplg(r, s, §)

value of y used to achieve synchronization ys= 0.001. (a) The (20x 104 1.0x 1073 2.0x 105 9.7 x 1075, 5.0)); system 2, f{,
difference of the variable converging to zero manifesting synchroniza- g1, s, 8) = (2.0x 104, 1.0x 1073, 0.0, 0.0, 5.0)) exhibiting different
tion. (b) The dramatic change in the dynamics of the response systemqualitative behavior using an external random forciRy (The value
under the influence of the synchronizing forcing. of y used to achieve synchronizationjis= 0.0005.

conditions and exhibit different dynamics (generalized synchro-  Finally using the random driving of the foryR (eq 4) and
nization) Figure 7a shows the difference of he/ariable of YR (eq 7) we were also able to synchronize the two response
the two dissimilar response systent§l) — 6(2)) converging systems operating at different parameter conditions, as shown
to zero upon initiation of the driving at the 20 000th step of in Figure 9.
integration. Figure 7b exhibits the time series of the response In conclusion results of successful synchronization are
system ¢(2)) chosen to be at a parameter value where the presented using nonvanishing external periodic chaotic and
dynamics is a period one oscillation. It clearly manifests the random forcings. However in comparison (of the three forc-
dramatic change of dynamics under the influence of the ings), the superiority of the random forcing is clearly evident,
synchronizing random forcing. Again it was verified that the as not only is it able to achieve synchronization for similar
time series corresponding to the synchronized state was notresponse systems but it also is equally efficient in attaining
similar to the external random signal. generalized synchronization. The results for the random driving
Moreover we were able to achieve synchronization if we are independent of the manner of implementation of the forcing
chose the random forcing superimposed onto the evolution (y(Y — R) or yR) (in the sense that synchronization is achieved
equations (eq 4 and eq 7) of the two response systems to be ofor either driving) and are applicable to actual experimental
the formyR (eq 4) andyR (eq 7), respectively (pure random situations. Moreover the fact that forcing of the fogrR is
driving). This is similar to adding a global random forcing to  successful indicates a possible relevance of using random
a dynamical system. Figure 8 shows the difference oftthe  forcings to achieve synchronization of spatiotemporal systems.
variable for the two response systeril() — 6(2)) converging Our initial results using random driving to synchronize spatio-
to zero upon initiation of the driving at the 20 000th step of temporal systems are encouraging.
integration. The final synchronized state was again found to
be different from the unsynchronized dynamics and from the  Acknowledgment. The authors acknowledge financial sup-
external random signal. port from CONACYT under Project Ref. 4873.



4536 J. Phys. Chem. A, Vol. 102, No. 24, 1998

References and Notes

(1) Pecora, L. M.; Carroll, T. LPhys. Re. Lett 1991, 64, 821.

(2) Pecora, L. M.; Carroll, T. LPhys. Re. A 1991, 46, 2375.

(3) Carroll, T. L.; Pecora, L. MIEEE Trans. CAS991, 38, 453.

(4) Rulkov, N. F.; et alInt. J. Bifur. Chaos1992 2, 669.

(5) Cuomo, K. M.; Oppenhiem, A. VPhys. Re. Lett. 1993 71,
65.

(6) Rulkov, N. F.; Tsimiring, L. S.; Abarbanel, H. D. Phys. Re. E
1995 51, 980.

Parmananda and Jiang

(7) Abarbanel, H. D. I.; Rulkov, N. F.; Sushchik, M. Mhys. Re. E
1996 53, 4528.
(8) Braiman, Y.; Golhirsch, IPhys. Re. Lett 1991 66, 2545.
(9) Rulkov, N. F.Chaos1996 6, 262.
(10) Jiang, Yu.; Parmananda, P. Submitted for publication.
(11) Talbot, J. B.; Oriani, R. AElectrochim. Actal985 30, 1277.
(12) Sato, N. IrPasstiity of Metals Frankenthal, R. P., Kruger, J., Eds.;
The Electrochemistry Society: NJ, 1978.
(13) McCoy, J. K.; Parmananda, P.; Rollins, R. W.; Markworth, A. J.
J. Mater. Res1993 8, August.



